We study the proposal by Bredberg et al. (1006Bredberg et al. ( .1902, where the fluid is defined by the Brown-York tensor on a timelike surface at r = r c in black hole backgrounds. We consider both Rindler space and the Schwarzschild-AdS (SAdS) black hole. The former describes an incompressible fluid, whereas the latter describes the vanishing bulk viscosity at arbitrary r c . Although the near-horizon limit of the SAdS black hole is Rindler space, these two results do not contradict each other. We also find an interesting "coincidence" with the black hole membrane paradigm which gives a negative bulk viscosity. In order to show these results, we rewrite the hydrodynamic stress tensor via metric perturbations using the conservation equation. The resulting expressions are suitable to compare with the Brown-York tensor.
Introduction and summary
According to the AdS/CFT duality [1] [2] [3] [4] , an AdS black hole is dual to a strongly-coupled large-N c plasma. But as is well-known, it is an old idea that a black hole describes a fluid. There are at least three formulations which realizes this idea:
(1) Historically, the membrane paradigm [5, 6] is the oldest one. In this case, the fluid lives on the stretched horizon r → r 0 . However, the membrane paradigm has the unpleasant features to interpret as a fluid such as a negative bulk viscosity. The membrane paradigm originally focuses on the (3 + 1)-dimensional asymptotically flat black holes, but asymptotics should not matter much since it focuses on the near-horizon limit. (2) In the AdS/CFT duality, the dual fluid "lives" at the AdS boundary r → ∞. The advantage of the AdS/CFT duality is a clear microscopic interpretation for the dual fluid. The AdS/CFT results are widely used for real-world applications such as the quark-gluon plasma. (See, e.g., Refs. [7] [8] [9] for reviews.) (3) More recently, Bredberg, Keeler, Lysov, and Strominger (BKLS) [10, 11] proposed the timelike surface at arbitrary position r = r c for the "boundary" where the fluid lives (See also, e.g., Refs. [12, 13] ). The BKLS approach is analogous to the holographic renormalization. In the near-horizon limit, the BKLS approach describes an incompressible fluid.
Another closely related idea is a "black hole in a cavity" [14] . This idea was proposed to obtain a well-defined thermal equilibrium for asymptotically flat black holes such as the Schwarzschild black hole. The Schwarzschild black hole has a negative heat capacity, so it is unstable by Hawking radiation. However, if the black hole is surrounded by a finitetemperature cavity, and if the cavity is close enough to the horizon, a thermal equilibrium is achieved. In a sense, the BKLS approach is an AdS black hole in a cavity. While each approach has a different motivation and physical interpretation, they have one thing in common: they all employ the Brown-York tensor [15] as the fluid stress tensor. Thus, they are somehow related to each other.
Both in the membrane paradigm and in the BKLS approach (in particular in Ref. [11] ), one often starts to identify the velocity field of the fluid in the bulk spacetime. This has its own advantage that the relation between the Einstein equation and the Navier-Stokes equation is direct and transparent. On the other hand, this brings us to an immediate problem of why a particular vector field should be regarded as the velocity field. So, we do not take such a path.
• Instead, we consider metric perturbations and study the (linear) response of the BrownYork tensor by the perturbationsà la AdS/CFT duality.
• In hydrodynamics, the velocity field is determined from the metric perturbations (Sec. 2).
Then, one can eliminate the velocity field completely in the hydrodynamic stress tensor. The resulting expression contains metric perturbations only, which is suitable to compare with the Brown-York tensor. In our approach, the velocity field is a consequence of metric perturbations.
One purpose of this paper is to reexamine the BKLS approach using the above formulation.
In particular, we study the issue of the bulk viscosity ζ, which is non-negative in the AdS/CFT duality, negative in the membrane paradigm, and is irrelevant in the BKLS approach (because of an incompressible fluid). For that purpose, we consider the sound mode perturbations whose analysis was somewhat incomplete in Ref. [10] .
We study Rindler space, which is the near-horizon limit of black holes with nondegenerate horizon, and the five-dimensional Schwarzschild-AdS black hole (SAdS 5 ) 1 . The near-horizon limit of the SAdS 5 black hole is Rindler space (Sec. 5). So, one expects that the bulk viscosity for the SAdS 5 black hole agrees with the Rindler result in the limit r c → r 0 . In the AdS/CFT duality, the bulk viscosity for the SAdS 5 black hole vanishes in the limit r c → ∞ because of the scale invariance of the geometry. However, when r c = ∞, the stress tensor for the SAdS 5 black hole is no longer traceless [Eq. (52)], so one must examine the bulk viscosity in this case. Our results are summarized as follows:
(1) For Rindler space, the Brown-York tensor gives an incompressible fluid in accordance with the BKLS result (Sec. 3). (2) For the SAdS 5 black hole, the Brown-York tensor always gives the vanishing bulk viscosity irrespective of the boundary position r c (Sec. 4).
(3) There are no contradictions between two results since the hydrodynamic regime used for the SAdS black hole "differs" from the hydrodynamic regime used for Rindler space (when expressed in terms of the SAdS variables) (Sec. 5).
We also find an interesting "coincidence" with the membrane paradigm in the Rindler analysis. If one does not take into account a constraint equation of the Einstein equation (in hydrodynamics, this corresponds to not taking the continuity equation into account), one would get the negative bulk viscosity in accordance with the membrane paradigm (Sec. 3.3).
The precise relation to the membrane paradigm is not clear and is left to a future work. In addition, we obtain one of the second-order hydrodynamic transport coefficients τ π for the SAdS 5 black hole in the BKLS approach.
Linearized hydrodynamics by metric perturbations

Homogeneous perturbations
The basic hydrodynamic equation is the conservation equation
(or the continuity equation and the Navier-Stokes equation). In (3 + 1)-dimensions, there are 4 equations whereas the stress tensor has 10 components. Since the equation of motion is not closed, one introduces the constitutive equation 2 :
where P µν := g µν + u µ u ν is the projection tensor, η is the shear viscosity, and ζ is the bulk viscosity. In other words, one chooses the velocity field u µ and the pressure P as the basic hydrodynamic variables. Note that ε and P are not independent; rather they are determined by an equation of state. We choose P as the independent variable. We assume ε = ε(P ) and use c 2 s = ∂P/∂ε, where c s is the speed of sound. Then, there are 4 degrees of freedom in (3 + 1)-dimensions (three from u µ because of u 2 = −1 and one from P ), and the equation of motion is closed.
In equilibrium, there is no spatial flow, so one can take the rest frame u i = 0. Then, one has
where "¯" denotes an equilibrium value 3 . When one adds external gravitational perturbations h use the Minkowski backgroundḡ µν = η µν . We consider metric perturbations of the form
Then, the metric perturbations are decomposed as the tensor, shear and sound modes. We consider the sound mode, which consists of
(no summation over the index a). The metric becomes
We write the responses as
and ε(t, z) =ε + δεe −iωt+iqz . Accordingly, the stress tensor has the response
We first consider homogeneous perturbations q = 0. Since
where
These expressions may be familiar to readers. For instance, see App. A of Ref. [16] for δT i j . However, the inhomogeneous perturbation case (q = 0) in the next subsection is more involved and deserves close inspection.
Anticipating the bulk results in the following sections, let us consider the c s → ∞ limit. In the c s → ∞ limit, the continuity equation (10) becomes
The c s → ∞ limit is rather special. In this limit, the conservation equation gives a condition for the perturbations instead of a response. In order that time-dependent perturbations are allowed, the spatial perturbations must be traceless. Or the fluid must be compressible for generic time-dependent homogeneous perturbations. Then, one obtains
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Inhomogeneous perturbations
We turn to inhomogeneous perturbations q = 0. Again take u t = 1 − h t t /2. For q = 0, the continuity equation becomes
Combining this with the Navier-Stokes equation gives
where Γ s is the sound attenuation constant. Also, these are momentum-space expressions so are complex; in real-space, they are real.
Having written down all hydrodynamic variables via metric perturbations, we are ready to express the hydrodynamic stress tensor via metric perturbations only. The full expression is rather cumbersome, so we give the expressions only in the c s → ∞ limit, which is relevant to the Rindler case. In the c s → ∞ limit,
Note that the sound pole (c 2 s q 2 − ω 2 + iΓ s ωq 2 ) −1 in Eqs. (17) disappears in this limit. At the same time, the dependence on the bulk viscosity disappears. As a check, substituting Eq. (18) into the continuity equation gives δε = 0 as expected. Also, some components of covariant derivatives are
so u µ obeys
Then, δT
in the c s → ∞ limit. Several points of Eqs. (22) 
Eqs. (17) themselves have a well-defined q → 0 limit, the c s → ∞ case does not have a limit. So, we consider the q = 0 and q = 0 cases separately. We now compare hydrodynamic expressions obtained in this section with the Brown-York tensor in Rindler space and in the SAdS 5 black hole.
Sound mode in Rindler space
Thermodynamic quantities
The (p + 2)-dimensional Rindler space is given by
The Rindler horizon is located at r = 0 and the Hawking temperature is given by T = 1/(4π). We consider the timelike surface r = r c . The Brown-York tensor is given by
where K µ ν is the extrinsic curvature of the surface, and K is its trace. In this paper, we denote the Brown-York tensor as T µ ν to avoid confusion with the hydrodynamic stress tensor T µ ν . For a diagonal metric, the extrinsic curvature takes a simple form:
where g µν is the induced metric on the surface. For Rindler space, g µν = diag(−r c , 1). Also, n r is the unit normal to the r = r c surface:
We consider the Brown-York tensor with one upper and one lower indices from the following reasons:
(1) The counterterm takes the form T But this differs from the induced metric used for the Brown-York tensor by r-rescaling, e.g., g µν = diag(−r c , 1) for Rindler space. One way is to transform the Brown-York tensor from the original coordinates x µ to the proper coordinates xμ:
However, it is not necessary to distinguish x µ and xμ for T t t and T i j since the upper and lower indices receive the opposite scaling. (This does not apply to T t z , so care is necessary.) One can add "counterterms" to the Brown-York tensor. From the AdS/CFT point of view, the counterterms regularize divergences in physical quantities [17] . They are given by
The coefficient c 1 = 2p/L, where L is the AdS radius. G 4 This will not be the case when one adds metric perturbations. But our primary concern is thermodynamic quantities and transport coefficients. The transport coefficients of first-order hydrodynamics appear only in O(ω) terms in the stress tensor, while G (p+1) µν gives O(ω 2 , q 2 ) terms, so we can safely ignore the Einstein tensor.
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We include the boundary cosmological constant term in order to compare with the SAdS 5 result (Sec. 4).
For Rindler space,
. Then, one gets
Here,T is the proper temperature not the Hawking temperature T :
When c 1 = 0,P agrees with the membrane paradigm result [5, 6] . The thermodynamic relationTs =ε +P gives the entropy densitys = 1/(4G). Since the energy density is constant, the stress tensor describes an incompressible fluid, and the speed of sound c 2 s = ∂P /∂ε diverges.
Sound mode perturbations
We consider sound mode perturbations in Rindler space. We take the gauge where h * r = 0 for all * , and the metric is given by
We consider perturbations of the form
In the gauge h * r = 0, the extrinsic curvature takes the simple form (25). The response of the Brown-York tensor is given by ( ′ = ∂ r )
where we usedε +P = 1/(16πGr We first consider homogeneous perturbations q = 0. The Einstein equation with q = 0 gives
(r 3/2 h t t
−2ωh
Equations (34c) and (34d) are two of the "constraint equations" which are first-order differential equations 5 . The solution of Eq. (34a) is given by
where we imposed the "incoming wave" boundary condition at the horizon. The remaining integration constant is fixed by the Dirichlet boundary condition h i i (r c ). Equation (35) is the exact solution for all r. For h t t , imposing the regularity condition at the horizon, one gets h t t = h t t (r c ). From Eq. (34d), we obtain δT t t = 0, so the Brown-York tensor describes an incompressible fluid. From Eq. (34d) and h t t ′ = 0, the terms proportional to δ i j vanish, which implies an incompressible fluid as well. Finally, from Eq. (34c), a non hydrodynamic term in δT z t [the second term of Eq. (33b)] vanishes.
Thus, the Brown-York tensor becomes
where we used Eq. (35) andω is the proper frequency. In order to compare the Brown-York tensor with the Minkowski hydrodynamic stress tensor (12) , one needs to rewrite the BrownYork tensor in proper coordinatest = √ −ḡ tt t and xĩ = √ḡ zz x i . In this paper, "˜" denotes proper coordinates and proper quantities. Proper frequencies and wave numbers are given byω
However, as discussed previously, it is not necessary to distinguish x µ and xμ for δT t t and δT i j except the replacement (37). For the off-diagonal component, δT z t ∝ h z t , so the expression does not change under the coordinate transformation.
Equations (36) take the same form as the hydrodynamic stress tensor in the c s → ∞ limit (22) with
This agrees with the membrane paradigm result and the BKLS result [5, 6, 10, 11] . On the other hand, the result of an incompressible fluid differs from the membrane paradigm. From Eqs. (33), the term h s ′ gives δε and the bulk viscosity, but h s ′ = 0 up to first order in (ω, q), so one immediately has an incompressible fluid. This is true even for q = 0 [Eq. (42c)], thus one expects that the fluid remains incompressible even for q = 0. However, it is not obvious that the Brown-York tensor takes the same form as the hydrodynamic tensor when q = 0. Thus, we turn to the q = 0 case in Sec. 3.4. 5 In this paper, we use the word "constraint equations" in the sense of the radial foliation, not the time foliation.
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3.3. Possible connection with the membrane paradigm?
Our result shows that the Brown-York tensor gives an incompressible fluid, which differs from the membrane paradigm. However, there is an interesting "coincidence" with the membrane paradigm if one ignores part of the Einstein equation.
Let us ignore the constraint equation (34d) for a moment, which gives the incompressible condition. In hydrodynamic analysis, the incompressible condition comes from the continuity equation (Sec. 2), so ignoring the constraint equation (34d) 
If one compares this with the hydrodynamic stress tensor (12), one would get
which coincides with the membrane paradigm [5, 6, 18] . The original membrane paradigm focuses on the (3 + 1)-dimensional case, but the extension into the generic dimensions exists [18] . Note that ζ < 0. This is an interesting coincidence, and the result may have some relevance with the membrane paradigm. On the other hand, we should stress that this result itself does not give a consistent hydrodynamic interpretation completely. For example, Eq. (39) seems to lack the δP term in Eq. (12c). Also, δT t t is nonvanishing, but δT
Comparing this with Eqs. (12), this is consistent only if iω = −1/2. But this brings us another issue. First, we consider the hydrodynamic limit |ω| → 0, so it is not clear if such an interpretation is possible. Second, when |ω| is not small, it is not clear if the O(h s ) term in Eq. (39) is really the viscosity term: the first term and the third term of Eq. (12c) are not distinguishable. Thus, the only consistent interpretation is the incompressible fluid by taking Eq. (34d) into account. But the coincidence (40) is suggestive. This might indicate that the membrane paradigm is not fully consistent.
Inhomogeneous perturbations
The Einstein equation consists of second-order differential equations which are dynamical equations and first-order differential equations which are constraint equations. The dynamics of the field obeying the constraints is determined by one dynamical equation. They are referred as the master field and the master equation, respectively. This counting goes as follows:
• For the sound mode in 5-dimensional spacetime, 4 components of metric perturbations are relevant.
• The Einstein equation gives 4 dynamical equations and 3 constraint equations. Thus, one obtains 1 master equation, which gives the solution for a combination of 4 metric components.
• The solution of the master equation has two integration constants. One is fixed by imposing the incoming wave boundary condition at the horizon. Thus, one obtains the solution for a combination of 4 metric components with one integration constant.
9/18
• The other 3 components are calculated using 3 constraint equations which give one integration constant for each component.
• In summary, we obtain 4 solutions with 4 integration constants. These integration constants are fixed by imposing boundary conditions at the boundary on each components, h µ ν (r c ).
In reality, in order to compute the Brown-York tensor, one only needs h µ ν ′ (r c ). They can be determined from the constraint equations and the master equation. So, one does not have to solve the constraint equations. In Rindler space, the constraint equations are given by 6
The master field is h x x which obeys
We solve the master equation by imposing (i) the incoming wave boundary condition at the horizon and (ii) the Dirichlet boundary condition at r = r c , h x x (r c ). After imposing the former boundary condition, the solution takes the form
where we fixed the remaining overall integration constant by the Dirichlet boundary condition h x x (r c ). The solution of the master equation in the near-horizon limit r → 0 is given by Eq. (35). When q = 0, it is the exact solution for all r. This is not the case when q = 0, but the master equation takes the form
Thus, Eq. (35) still gives the solution to first order in (ω, q):
For the sound mode, h a a = h x x , but it is convenient to keep each components separately. Also, we focus on the five-dimensional case (p = 3) for simplicity. Substitute Eqs. (42) and
Again, the Brown-York tensor in proper coordinates xμ takes the same form except for δT z t . So, we have rewritten δT z t (and δP ) in proper coordinates. The Brown-York tensor takes the same form as the hydrodynamic stress tensor in the c s → ∞ limit (22) with η = 1/(16πG).
Sound mode in Schwarzschild-AdS black hole 4.1. Thermodynamic quantities
The SAdS 5 metric is given by
where u = (r 0 /r) 2 . The Hawking temperature is given by T = r 0 /(πL 2 ). We take the horizon radius r 0 = 1 by rescaling t and x i , and we set the AdS radius L = 1. The boundary position will be denoted as u = u c . The Brown-York tensor and thermodynamic relations give the following thermodynamic quantities:T
ε = 3 8πG
11 /18 where c 1 is the counterterm dependence (27) (c 1 = 6 for asymptotically AdS 5 spacetime). In the above expressions, one can eliminate u c by proper temperatureT , but the result is not very illuminating. Note that the stress tensor is no longer traceless. Also, one always hasε < 0 for c 1 = 0, which may be troublesome, butε > 0 for c 1 = 6. On the other hand,P > 0 for both values of c 1 .
The computation of thermodynamic quantities has some differences in the AdS/CFT duality. The Brown-York tensor is the stress tensor with respect to the intrinsic metric on the surface, and it is natural to use the proper temperature. In the AdS/CFT duality, one identifies the gauge theory metric γ µν as g µν = (r/L) 2 γ µν . As a result, it is natural to use the Hawking temperature in the AdS/CFT duality. The field theory stress tensor is defined with respect to γ µν . Then, the AdS/CFT stress tensor T (GKPW) µν is related to the Brown-York tensor as
for p = 3. However, physical quantities from the Brown-York tensor in terms of the proper temperature take the same from as the standard AdS/CFT expressions in the limit r c → ∞ (see below). Consider two interesting limits, the u c → 0 limit and the u c → 1 limit. They correspond to the low-T limit and the high-T limit, respectively.
(1) In the AdS/CFT limit (u c → 0), thermodynamic quantities take the same form as the standard AdS/CFT result:
where we used c 1 = 6. (2) In the Rindler limit (u c → 1), they reduce to Eqs. (29):
where we left the c 1 -dependence for comparison with the membrane paradigm.
Sound mode perturbations
We consider sound mode perturbations in the SAdS 5 black hole. Again we take the gauge h * u = 0, and the metric is given by 
Like the Rindler analysis, one can obtain the master equation for the master field after some algebra. The definition of the master field is not unique, but different definitions are related to each other describing the same physics. We take the following combination for the master 12/18 field:
which obeys the following master equation:
where V (u) = uw 2 4q 2 − 3f ′ 2 + q 2 f 15uf ′2 − 36f f ′ + q 4 f (16f − 8uf ′ ) − 16q 6 uf
w := ω/(2πT ) = ω/2, and q := q/(2πT ) = q/2. We again solve the master equation by imposing (i) the incoming wave boundary condition at the horizon u = 1 and (ii) the Dirichlet boundary condition at u = u c , h µ ν (u c ). After imposing the former boundary condition, the solution takes the form Φ(u) = CF (u) .
The remaining integration constant C is fixed by the boundary condition h µ ν (u c ). We expand the solution in w and q: 
Here, we factorized (1 − u) −iw/2 to implement the incoming wave boundary condition at the horizon. Then, the incoming wave boundary condition becomes the regularity condition for F ij (u) at the horizon. One can easily check F 00 = 1. The master equation has no terms with odd powers in q, so one can set F 01 = F 11 = 0 without loss of generality. The solutions are 
The integration constant C is fixed by the boundary condition h µ ν (u c ). Using the definition of the master field (57) and the Einstein equation, we obtain C = C num /C den . [See Eqs. (A1) for the detailed form of C num and C den .] The response of the Brown-York tensor is given by δT
